Abstract. We show that good quotients of algebraic varieties with finitely generated Cox ring have again finitely generated Cox ring.
Introduction
Let X be a normal variety over some algebraically closed field K of characteristic zero. If X has finitely generated divisor class group and only constant invertible global functions then one can associate to X a Cox ring; this is the graded K-algebra
In the case of torsion in Cl (X) the precise definition requires a little care; see Section 2 for a reminder and [3] for details. We ask whether finite generation of the Cox ring is preserved when passing to the quotient by a group action. More precisely, for an action of a reductive group G on X we consider good quotients; by definition these are affine morphisms π : U → V with
G where U ⊆ X may be any open G-invariant subset.
Theorem 1.1. Let a reductive affine algebraic group G act on a normal variety X with finitely generated Cox ring R (X), and let U ⊆ X be an open invariant subset admitting a good quotient π : U → U/ /G such that U/ /G has only constant invertible global functions. Then the Cox ring R (U/ /G) is finitely generated as well.
Note that this statement was proven in [6, Theorem 2.3] for the case that X is affine with finite divisor class group and U/ /G is a GIT-quotient. Moreover, in [6, Remark 2.3.1] it was expected that GIT-quotients of Mori dreams spaces, i.e. Q-factorial, projective varieties with finitely generated Cox ring, are again Mori dream spaces, which is a direct consequence of Theorem 1.1.
The following result is a step in the proof of Theorem 1.1 but it also might be of independent interest. Let K ⊆ WDiv (X) be a finitely generated subgroup of Weil divisors. By the sheaf of divisorial algebras associated to K we mean the sheaf of O X -algebras
Theorem 1.2. Let X be a normal variety with finitely generated Cox ring R(X). Then, for any finitely generated subgroup K ⊆ WDiv (X) and any open subset U ⊆ X, the algebra of sections Γ(U, S) of the sheaf of divisorial algebras S associated to K is finitely generated.
In particular, if X has finitely generated Cox ring, then for every open subset U ⊆ X the algebra of regular functions Γ (U, O) is finitely generated; note that even for affine varieties this fails in general, compare Example 2.2.
Proof of Theorem 1.2
Let us recall the construction of the Cox ring of a normal irreducible variety X with finitely generated divisor class group and only constant invertible global functions. Fixing a finitely generated subgroup K of the Weil divisors such that the projection c : K → Cl (X) is surjective with kernel K 0 , we can associate to K the sheaf of divisorial O X -algebras S. In order to identify
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the isomorphic homogeneous components of S we fix a character χ : K 0 → K(X) * such that div (χ(E)) = E holds for every E ∈ K 0 and consider the sheaf of ideals I locally generated by the sections 1 − χ(E) where E runs through K 0 and χ(E) is homogeneous of degree −E. The Cox sheaf is the sheaf R := S/I together with the Cl (X)-grading
where p : S → R denotes the projection. The algebra of global sections is called the Cox ring of X, which is -up to isomorphy -independent of the choices of K and χ. For later use, note that by [3, Lemma 3.3.5] for any open set U ⊆ X we have
Moreover, from [3, Lemma 4.2.2] we infer that the Cox ring is invariant when passing to a big open subset, i.e. an open subset whose complement is of codimension at least two. In particular, the two algebras Γ (X reg , R) and Γ (X, R) are equal, where X reg denotes the set of regular points of X.
Proof of Theorem 1.2. For the first part of the proof we proceed similarly as in [3, Proposition 5.1.4]. First assume that K projects onto Cl (X). By K 0 we denote the subgroup of K consisting of principal divisors, i.e., the kernel of the projection c : K → Cl (X), and fix a basis
We then have the associated Veronese subsheaves
We claim that Γ (X, S) is finitely generated. First note, that S D → R [D] is an isomorphism by [3, Lemma 3.3.4] . Because K 1 ∼ = c K 1 holds, these isomorphisms fit together to an isomorphism of sheaves
Since Γ (X, R) is finitely generated the Veronese subalgebra Γ X, R 1 of the Cox ring is as well finitely generated (cf. [3, Proposition 1.1.6]) which gives finite generation of Γ X, S 1 . Every homogeneous function f ∈ Γ X, S ′ E0+E1 , where E i ∈ K i , is a product of a homogeneous section in Γ (X, S E1 ) and an invertible section g ∈ Γ (X, S E0 ), which itself is the product of certain g Finally, if K ⊆ WDiv (X) does not project onto Cl (X), then we take any finitely generated groupK ⊆ WDiv (X) with K ⊆K projecting onto Cl (X) and obtain finite generation of Γ(U,S) for the associated sheafS of divisorial algebras. This gives finite generation for the Veronese subalgebra Γ(U, S) ⊆ Γ(U,S) corresponding to K ⊆K. Corollary 2.1. Let X be normal variety with finitely generated Cox ring. Then for every open subset U ⊆ X the algebra Γ (U, O) is finitely generated.
This observation allows us to construct normal affine varieties with non-finitely generated Cox ring. 3. Proof of theorem 1.1
We consider a smooth irreducible algebraic variety X. Fix a finitely generated subgroup K ⊆ WDiv (X). By smoothness of X, the associated sheaf of divisorial algebras S is locally of finite type. This allows us to consider its relative spectrum over X which we will denote byX := Spec X (S). Note that the regular functions onX are precisely the global sections Γ (X, S). Since S is K-gradedX comes with the action of the torus H := Spec K[K] and the canonical morphism p :X → X is a good quotient for this action.
Now let an affine algebraic reductive group G act on X. By a G-linearization of the group K we mean a lifting of the G-action to the relative spectrumX commuting with the H-action and making the projection p equivariant. Any such G-linearization yields a G-representation on the regular functions ofX via g · f (x) = f (g −1 ·x) and thereby induces a G-representation on Γ (X, S). In the special case where K is a group of G-invariant divisors, [5, Propositions 1.3 and 1.7] show that K is canonically G-linearized and the induced representation on the global sections Γ (X, S) coincides with the action of G on the rational functions of X given by g · f (x) = f (g −1 · x).
Lemma 3.1. Let an affine algebraic group G act on the normal variety X and let U ⊆ X be an open G-invariant subset which admits a good quotient π : U → U/ /G. If Cl (X) is finitely generated then Cl (U/ /G) is finitely generated as well.
Proof. Without loss of generality we assume X and U/ /G to be smooth. From [7, Proposition 4.2] we infer that the pullback homomorphism π * : Pic (U/ /G) → Pic G (U ) into the classes of Glinearized line bundles is injective. It therefore suffices to show that Pic G (U ) is finitely generated. By [7, Lemma 2.2 ] the following sequence is exact
Note that the group of algebraic cocycles H 
where G/G 0 is finite and E (U ) = O (U ) * /K * is finitely generated by [7, Proposition 1.3] .
Proof of Theorem 1.1. Without loss of generality we assume X and U/ /G to be smooth. By Lemma 3.1 we can choose a finitely generated group K of Weil divisors on the quotient space U/ /G projecting surjectively onto the divisor class group Cl (U/ /G). With S denoting the sheaf of divisorial algebras associated to K, the Cox ring R (U/ /G) is the quotient of Γ (U/ /G, S) by the ideal Γ (U/ /G, I). Thus it suffices to show that the algebra of global sections Γ (U/ /G, S) is finitely generated. The pullback group π * K consists of invariant Weil divisors on U . It is therefore canonically G-linearized and we have the corresponding G-representation on the algebra Γ (U, T ) where T denotes the sheaf of divisorial algebras associated to the group π * K. We claim that we have a pullback homomorphism mapping Γ (U/ /G, S) injectively onto the algebra Γ (U, T ) G of invariant sections of Γ (U, T ):
We first note that every pullback section π * f ∈ Γ (U, T π * D ) is indeed G-invariant because π * K is canonically G-linearized and π * f is G-invariant as a rational function on U . On each homogeneous component of Γ (U/ /G, S) the map π * is injective because it is the pullback with respect to the surjective morphism π : U → U/ /G. Since π * is graded this yields injectivity of π * as an algebra homomorphism. For surjectivity it suffices to show that every homogeneous G-invariant section is a pullback section because the actions of G and H commute and, thus, Γ (U, T )
G is a graded subalgebra of Γ (U, T ). Consider a G-invariant homogeneous section f ∈ Γ (U, T π * D ). Since f is invariant as a rational function in K(U ) and it is regular on U ′ := U \π −1 (Supp (D)) it descends to a regular functionf on π(U ′ ) which is an open subset of U/ /G. Observe that we have
In particular, we obtain that the divisor div(f ) + D is effective and thusf is a section in Γ (U/ /G, S D ). By construction f equals the pullback π * f ; hence our claim follows. Thus the algebras Γ (U/ /G, S) and Γ (U, T )
G are isomorphic. The algebra Γ (U, T ) is finitely generated by Theorem 1.2. Hilbert's Finiteness Theorem then shows that the invariant algebra Γ (U, T )
G is finitely generated as well.
